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CONVECTIVE HEAT TRANSFER I N  PIJJETARY GASES 

By Joseph G. Marvin and George S. D e i w e r t  
Ames Research Center 

- 

SLlMMARY 

Equilibrium convective heat t r a n s f e r  i n  severa l  real gases w a s  i n v e s t i  - 
gated. The gases considered were air, nitrogen, hydrogen, carbon dioxide, and 
argon. Solutions t o  t he  s imi la r  form of the boundary-layer equations were 
obtained f o r  f l i g h t  ve loc i t i e s  t o  30,000 f t / s e c  f o r  a range of parameters 
s u f f i c i e n t  t o  def ine the  e f f e c t s  of pressure l eve l ,  pressure gradient ,  
boundary-layer-edge veloci ty ,  and w a l l  temperature. Results a re  presented 
f o r  stagnation-point heating and f o r  the heating-rate d i s t r i b u t i o n .  

For t h e  range of parameters investigated t h e  w a l l  heat t r ans fe r  depended 
on t h e  t ranspor t  p roper t ies  near the  w a l l  and prec ise  evaluat ion of p roper t ies  
i n  the  high-energy port ions of t h e  boundary l aye r  w a s  not needed. 
l a t i o n  of the  solut ions t o  the  boundary-layer equations w a s  obtained which 
depended only on t h e  l o w  temperature propert ies  of the  gases.  
be lused t o  evaluate the  heat t r a n s f e r  i n  gases other  than those considered. 

A corre-  

This r e s u l t  can 

The l a r g e s t  stagnation-point heat t r ans fe r  at a constant f l i g h t  ve loc i ty  
w a s  obtained f o r  argon followed successively by carbon dioxide, air, nitrogen, 
and hydrogen. The blunt-body heat ing-rate  d i s t r ibu t ion  w a s  found t o  depend 
mainly on the  inv i sc id  flow f i e l d .  

For each gas, cor re la t ion  equations of boundary-layer thermodynamic and 
t ranspor t  p roper t ies  as a f-uiictlon of cnthsl9y a e  given for a wide range of 
pressures  t o  a maximum enthalpy of 18,000 Btu/lb. 

INTRODUCTION 

Convective heat t r a n s f e r  t o  bodies entering the  e a r t h ' s  atmosphere has 
been s tudied extensively.  
inves t iga t ions ,  bu t  representa t ive  examples a r e  references 1 t o  3. 
inves t iga tors  have examined the  problem associated with f l i g h t  i n t o  planetary 
atmospheres having const i tuent  gases d i f fe r ing  from air and these  dea l  
d i r e c t l y  with stagnation-point heat t ransfer .  
P r i o r  t o  these  l a t t e r  invest igat ions,  it was common t o  co r re l a t e  hea t - t ransfer  
r e s u l t s  i n  terms of t h e  t ranspor t  and thermodynamic proper t ies  a t  t h e  boundary- 
l aye r  edge ( i . e . ,  see r e f .  2 ) ,  but as indicated i n  reference 5, a co r re l a t ion  
f o r  various d issoc ia t ing  gases w a s  obtained i n  terms of molecular weight of 
t he  cold mixture. A cor re la t ion  o f  t h i s  nature i s  much more convenient s ince 
estimates of heating i n  any number of  gases seemed t o  be f e a s i b l e  without 
requir ing t h e  burdensome t a sk  of evaluating the  t ranspor t  p roper t ies  at the  
boundary-layer edge. I n  l i g h t  of  these two apparently d i f f e r e n t  modes of cor-  
r e l a t i o n ,  it seemed appropriate t o  study the r e l a t i o n  of t h e  t ranspor t  proper- 
t i e s  t o  t h e  heat  t r a n s f e r .  

No attempt w i l l  be made t o  reference a l l  these  
Only a few 

(See, e . g . ,  r e f s .  4 and 5. ) 



I n  a cursory look at  t h i s  problem, pe r t inen t  thermodynamic and t ranspor t  
propert ies  of severa l  gases were compared because it i s  through these proper- 
t i e s  tha t  differences i n  heat t r a n s f e r  would be expected t o  appear. 
parison i l l u s t r a t e d  some of t he  property differences between gases and these  
differences were invest igated f u r t h e r  t o  assess t h e i r  e f f e c t s  on the  convec- 
t i v e  heat t r ans fe r  . 

This com- 

It i s  the  purpose of t h i s  repor t  t o  present  t he  r e s u l t s  of  t h i s  i n v e s t i -  
gat ion f o r  several  real gases, including a i r ,  and t o  point  out t h e  s ign i f i can t  
differences and similari t ies between the  r e s u l t s  f o r  t h e  various gases. The 
r e s u l t s  were obtained by solving the  boundary-layer equations f o r  the  gases, 
air ,  nitrogen, hydrogen, carbon dioxide, and argon, subject  t o  the  assumptions 
of l oca l  s i m i l a r i t y  and thermodynamic equilibrium. Solutions are presented 
f o r  f l i g h t  ve loc i t i e s  t o  30,000 f t / s e c  and f o r  a range of parameters s u f f i -  
c i e n t  t o  define t h e  influence of pressure,  pressure gradient ,  w a l l  temperature, 
and veloci ty  a t  t h e  edge of t he  boundary layer .  
stagnation-point heating and heat ing-rate  d i s t r ibu t ion  and are cor re la ted  i n  
terms of the  gas proper t ies  at low temperatures. 

The r e s u l t s  are presented f o r  

SYMBOLS 

f 

H 

- n 

2 

t o t a l  spec i f i c  heat 

spec i f ic  heat of species i 

mass f r a c t i o n  of  species i 

multicomponent d i f fus ion  coe f f i c i en t  

normalized t o t a l  enthalpy, - H 
HS 

s t a t i c  enthalpy 

t o t a l  enthalpy h + ( 3 
stagnation enthalpy 

t o t a l  thermal conductivity 

frozen thermal conductivity 

molecular weight of species i 

shape parameter, n = 1 f o r  axisymmetric and n = 0 f o r  two-dimensional 

total number of moles 



. 
P pressure 

P r  t o t a l  Prandt l  number 

hea t - t ransfer  ra te  t o  the  w a l l  qW 

y component of t he  heat-flux vector 

r body coordinate, shown i n  sketch, appendix A 

SY 

T temperature 

U ve loc i ty  i n  d i rec t ion  of boundary-layer flow ( i . e . 7  ve loc i ty  i n  x 
di rec t ion)  

urn free-stream velocity 

v veloc i ty  normal t o  d i rec t ion  of boundary-layer flow (i. e .  ve loc i ty  i n  
y d i rec t ion)  

X coordinate along w a l l  

Xi mole f r a c t i o n  of species i 

Y coordinate normal t o  w a l l  

P pressure-gradient parameter defined i n  equation (A21) 

7 

I-1 v i scos i ty  

transformed coordinate defined by equation (Al2b) 

5 transformed coordinate defined by equation ( A l 2 a )  

P mass densi ty  

Sub sc r ip t s  

D value a t  onset of dissociat ion o r  ionization 

e boundary-layer-edge value 

0 stagnation-point value 

r reference value, see table  I 

W w a l l  value 

00 f ree-s t ream value 
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PRESEXTATION OF EQUATIONS . 
The problem considered i s  t h a t  of convective heat t r a n s f e r  i n  various 

gases.  
vat ion of mass, momentum, and energy equations. Along with these,  r e l a t i o n s  
describing the  f l u i d  s t a t e  and t ranspor t  p roper t ies  a r e  required.  
t i o n s  are developed i n  appendix A and the  r e su l t i ng  equations a re  presented 
below. 

The equations necessary for describing t h i s  phenomenon a re  t h e  conser- 

These equa- 

Heat -Flux Equation 

The w a l l  convective heat -f lux equation for a chemically reac t ing  mixture 
of gases i n  thermochemical equilibrium i s  

This equation can be solved when the  t ranspor t  p roper t ies  and enthalpy gradi -  
en t  a t  the w a l l  a r e  known. 
enthalpy gradient  which must be obtained by solving the  boundary-layer 
equations. 

For t h i s  study, t h e  unknown i n  equation (1) i s  t h e  

S i m i l a r  Boundary-Layer Equations 

An appropriate s e t  of equations f o r  studying the  e f f e c t  of gas composi- 
t i o n  on the  w a l l  enthalpy gradient  i s  the  similar form of t he  boundary-layer 
equations. These p a r t i c u l a r  equations a re  exact when s i m i l a r i t y  holds, such 
as i n  the stagnation region of a body, and they a l l o w  approximate pred ic t ion  
of t he  heating-rate d i s t r ibu t ion  over bodies.  

The similar boundary-layer equations i n  the  familiar 5 and 7 coordinate 
system (see eq. (Al2))  may be wr i t ten  i n  t h e  following form: 

' + fg '  + 2 [(3. - 5) f'f"] I = 0 

($6') HS 

where 



aqd where the  prime superscr ipt  represents  d i f f e ren t i a t ion  with respect  t o  q .  
The Prandt l  number i n  equation ( 3 )  i s  the  t o t a l  Prandt l  number obtained when 
the  t o t a l  spec i f i c  heat and t o t a l  thermal conductivity a re  used. 

The boundary conditions on these equations a re  as follows: 

The thermodynamic and t ranspor t  property terms i n  these equations a re  
t r e a t e d  as known functions of the  s t a t i c  enthalpy. The pressure-gradient 
parameter p ,  wall  temperature, pressure,  and the  term ue2/Hs a re  t r ea t ed  
as parameters. 

Equations f o r  Heating Rate and Heating-Rate Distr ibut ion 

Solutions t o  equations ( 2 )  and (3)  a re  i n  the  5 and y coordinate system; 
therefore ,  with the  a i d  of the  transforming equations i n  appendix A, equa- 
t i o n  (1) i s  rewr i t ten  as 

To obtain t h e  heat ing-rate  d is t r ibu t ion  over a body it i s  convenient t o  
n c r x d i z e  e p a t i o n  (4) by the  heating r a t e  a t  a stagnation point  given i n  
reference 2 as 

Using equations (4 )  and (5)  and assuming an isothermal surface,  a t  a tempera- 
t u r e  small compared t o  the  stagnation temperature, we may wr i te  t he  following 
heating - r a t e  d i s t r ibu t ion  equation 

5 



TKERMODYNAMIC AND TRAPJSPORT PROPERTIES 

Solutions t o  t h e  boundary-layer conservation equations depend on a 
knowledge of t he  thermodynamic and t ranspor t  p roper t ies  of t h e  gas i n  ques- 
t i o n .  The thermodpamic proper t ies  of pure gases can be calculated t o  good 
accuracy from spectroscopically determined constants.  The s i t u a t i o n  concern- 
ing t ransport  p roper t ies  i s  more uncer ta in  and t h e i r  ca lcu la t ion  depends on 
assumptions concerning the  intermolecular po ten t i a l s  a t  t he  lower temperatures 
and on many unce r t a in t i e s  regarding c o l l i s i o n s  and d i f fus iona l  phenomena a t  
the  higher temperatures. Despite these uncer ta in t ies ,  p roper t ies  so calcu- 
l a t e d  are probably representa t ive  of t he  ac tua l  values and, at least, should 
show how differences i n  gas composition a f f e c t  heat t r a n s f e r .  
confined t o  t h e  gases, a i r ,  nitrogen, hydrogen, carbon dioxide, and argon. 
The ac tua l  values of the proper t ies  f o r  t h e  various gases were compiled from 
information i n  references 6 t o  15.  

This study was 

The proper t ies  were curve f i t t e d  as  a funct ion of enthalpy and used i n  
the  numerical solut ions t o  t he  boundary-layer equations. This i s  explained i n  
appendix B and the  coef f ic ien ts  of each curve f i t  a r e  tabulated i n  t a b l e s  I1 
through V. 

To use these  proper t ies  t he  gas considered must be i n  l o c a l  thermochemi- 
c a l  equilibrium and i t s  atomic composition must correspond t o  t h a t  given by 
assuming i t s  i n i t i a l  s t a t e  w a s  a t  standard conditions of pressure and tempera- 
t u r e .  Hence, using these proper t ies  i n  t h e  boundary-layer equations implies 
equal d i f fus iv i ty  among the  various species at a l l  points  i n  the  boundary layer .  

Before discussing the  f i n a l  r e s u l t s  of the  study, it i s  of i n t e r e s t  t o  
examine the  var ia t ion  of gas proper t ies  with enthalpy as these  quan t i t i e s  
en te r  the bas ic  conservation equations as  coe f f i c i en t s .  

The gas-density r a t i o s  pe/p are p lo t t ed  against  the  enthalpy r a t i o  
h/Hs i n  f i gu re  1. This f igu re  i s  representa t ive  of t he  change i n  densi ty  
with enthalpy a t  the stagnation region of a b lunt  body f o r  a f l i g h t  ve loc i ty  
of 3O,OOO f t / s e c  and a pressure of 0.1 a t m .  
s i t y  between t h e  various gases occurs at intermediate values of t h e  enthalpy 
r a t i o .  However, as  s t i pu la t ed  i n  reference 1, differences of t h i s  magnitude 
probably have l i t t l e  influence on the  w a l l  enthalpy gradient  obtained from the  
solut ion t o  the  boundary-layer equations.  Further  inves t iga t ion  w a s  under- 
taken t o  ver i fy  t h i s  point  and the  r e s u l t s  a r e  discussed la ter .  

A s ign i f i can t  difference i n  den- 

Figure 2 presents  t he  var ia t ion  of p p / p w ~  (he rea f t e r  defined as  0) 
with h/Hs f o r  each gas.  A i r ,  ni trogen, carbon dioxide, and argon behave i n  
a similar manner, showing some differences i n  l e v e l  with p a r t i c u l a r  values of 
h/Hs. Hydrogen exhib i t s  the  smallest  va r i a t ion  of c p .  ~ 

Figure 3 shows the  changes i n  (P/Pr with h/Hs f o r  each gas. This term 
superimposed on the  densi ty  va r i a t ion  r e f l e c t s  the chaiges i n  the  r a t i o  k/cp 

seen i n  f igure 1. Fluctuat ion of t he  T/Pr  curves f rom h/Hs = 1 t o  
h/IIs = 0 i s  r e l a t ed  t o  t he  chemical reac t ions  t h a t  take place during the  

6 
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- 
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Figure 1. - Density variation with enthalpy f o r  various gases. 

H ~ =  4.5~10'3 f t2 /sec2 

P = . I  o t m  
Tw= 500' R 

0 

0 .2 .4 .6 .8 I .o 
h /  H, 

Figure 2.- Density-viscosity product variation with enthalpy f o r  various gases. 
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1.2 

1.0 

.# - 
Pr 

. e  

.6 

.4 
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C 

H, = 4 . 5 ~ 1 0 ~  f t2 /sec2  
T,= 500° R 
P =. I  atm 
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.2 .4 .6  .8 I .o 

h/H, 

Figure 3.- Variation of 'p/Pr with enthalpy f o r  various gases. 

recombination of various species .through the  boundary l aye r ,  These quan t i t i e s  
depend both on the  concentration gradients  and concentrations of each species 
and therefore  assume ra the r  complicated behaviors. The f luc tua t ions  of cp/Pr 
a re  usual ly  associated with the  completion and onset of various reac t ions .  
For example, the  species concentration of C02 taken from reference 12  and 

a 



. 
p lo t t ed  i n  f igu re  4 shows t h a t  t he  f i rs t  f luc tua t ion  occurs during t h e  
formation of t he  m a x i m u m  mount of CO from f r ee  0 and C and t h a t  t h e  next nota- 
b l e  f luc tua t ion  occurs during the  f i n a l  formation of C02 f rom the  various d i s -  
sociated species.  The e f f e c t  of t h i s  y/Pr var ia t ion  on the  so lu t ion  t o  t h e  
boundary-layer equations w i l i  be discussed l a t e r .  

I . E  

I .E 

1.4 

1.2 

I .o 

Moles 
Cold mole of C 0 2  

.8 

.6 

4 

. 2  

0 

P = . I  otm 
H, = 4.5 x IO* ft*/seci 

-I--- ' 

\ I 

f 

f 
\ 

.4 6 8 I 
h/H, 

Figure 4. - G a s  composition of COa (mole per  o r ig ina l  cold mole of C O 2 ) .  Variation with s t a t i c  enthalpy 
(taken from ref. 12) . 



Pressure l e v e l  can a f f e c t  t he  property var ia t ions  of each gas as  
i l l u s t r a t e d  i n  f igu re  5 where 
For N2 there  are  only s m a l l  d i f ferences i n  
whereas f o r  C02 t he re  i s  a marked difference.  The other  gases do not exhib i t  
such wide differences with pressure l e v e l  as CO2, but  the  need t o  inves t iga te  
the  e f fec t  o f  pressure changes on the  boundary-layer solut ions f o r  a l l  the 
gases i s  evident.  

cp/Pr f o r  N2 and CO2 f o r  two pressures i s  shown. 
q/Pr f o r  t he  tvo pressures,  

I .4 

1.2 

I .o 

.4 

.2  

0 

H, = 4.5~10'3 f t * /sec*  
T w =  500" R 

P = .  I otm 
-- P = I O  otm 
- 

I I 

. 4  . 6  
h/H, 

-A I I .o 

Piiwre 5.- Wfect  of pressure leve l  on q/Pr for Nz and Cop. 
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The comparisons made above a re  inconclusive insofar  as t e l l i n g  how the  
differences i n  gas proper t ies  might a f f ec t  solutions t o  t h e  boundary-layer 
equations and, i n  pa r t i cu la r ,  t h e  w a l l  enthalpy gradient .  The next s t ep  i s  t o  
solve t h e  d i f f e r e n t i a l  equations f o r  various values of pressure,  pressure gra- 
dient ,  boundary-layer-edge velocity,  and w a l l  temperature. The range f o r  
these  w a s  general ly  chosen as follows: 

o S p l 1  
500' R 2 T, <_ 1850~ R 

O < _ - - - < _ l  ue2 
* S  

RESULTS AND DISCUSSION 

Simi la r  Solutions 

Solutions t o  the  boundary-layer equations f o r  each of t he  gases when 
ce r t a in  ex terna l  f l o w  parameters and w a l l  conditions were varied a r e  summa- 
r i zed  next. Generally, each gas behaved i n  t he  same way; f o r  example, t he  
heat -transf e r  parameter 
t u r e  and increasing pressure-gradient parameter p ;  it decreased with increas-  
ing f l i g h t  ve loc i ty  or t o t a l  enthalpy; f o r  p r a c t i c a l  purposes it was unaffected 
by changes i i i  t h e  &iss ipa t ion  parameter 

g' (0) /l-gw increased with increasing w a l l  tempera- 

ue2/Hs and the  pressure l eve l .  

A co r re l a t ion  which included a l l  the  input parameters w a s  needeG t o  il1-t-s- 
t r a t e  t he  important r e s u l t s  of t he  solutions.  Such a cor re la t ion  w a s  pre-  
sented by Fay and Riddel l  ( r e f .  2) and subsequently by Kemp, Rose, and Detra 
(ref.  3 ) .  
v e l o c i t i e s  t o  30,000 ft /sec) the  hea t - t ransfer  parameter g' (o) / l -gw corre-  
l a t e d  with qe. This term r e f l e c t s  impl ic i t ly  the  changes i n  f l i g h t  ve loc i ty  
and w a l l  temperature; t h a t  i s ,  a t  constant w a l l  temperature it decreases with 
increasing f l i g h t  veloci ty;  at constant f l i g h t  ve loc i ty  it increases  with 
increasing w a l l  enthalpy or temperature. I n  addi t ion qe appeared t o  account 
f o r  t he  ove r -a l l  changes i n  thermodynamic and t ranspor t  p roper t ies  through the  
bouridary l aye r ,  implying t h a t  subsequent differences i n  the  numerical values 
of t he  t ranspor t  p roper t ies  would no t  a f fec t  t he  cor re la t ion  equation. The 
inves t iga tors  of reference 3 found that the pressure-gradient p a r m e t e r  w a s  
accounted f o r  by assuming t h a t  t he  enthalpy gradient  varied as (1 f constant a) 
and a l so  t h a t  the  d iss ipa t ion  term (ue'/Hs)[(q - cp/Pr)f'f"]' 
so lu t ions  t o  a minor degree. 
gases considered herein.  

These inves t iga tors  found tha t  f o r  dissociated air ( f o r  f l i g h t  

a f fec ted  the  
This cor re la t ion  w a s  attempted f o r  each of t h e  

11 



The r e s u l t s  a re  presented i n  f igu res  6 through 10. I n  these f igu res  the  

The 
heat- t ransfer  parameter g ' (o) / l -gw i s  divided by Pr, and by a term which 
accounted for the  pressure- gradient parameter (i .e.,  (1 + constant n) ) . 
various symbols represent d i f f e ren t  values of the  pressure-gradient parameter. 

.9 

.8 

g ' ( 0 )  

(I-g,) Pr, 
- = ,667 ( I +.O96& )(+e )i475 

. I  .2 .3 .4 .5 .6 .7 .8 .9 1.0 
+e 

Figure 6. - Heat- t ransfer  parameter cor re la t ion  for a i r .  

- 
5 .6 
'u 
+ .5 0 -  - -  

0 1 1  

.4 - 
1 
01 , - 
Y 

. _  
.I .2 . 3  .4 .5 .6 .7 .8 .9 1.0 

+e 
Figure 7 . -  Heat- t ransfer  parameter cor re la t ion  for nit rogen.  
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I .o 
.9 

.8 

.7 

5 .6 
. .5 
- - 

- +  0 -  - -  

.3 

.2 

Symbols a re  flagged t o  represent  solut ions f o r  d i f f e ren t  w a l l  temperatures a i d  
d i f f e r e n t  pressures.  Symbols a re  f i l l e d  t o  represent  solut ions f o r  d i f f e r e n t  
values of ue'/Hs. 
co r re l a t e  about s t r a i g h t  l i n e s  of  the  same slope f i t t e d  t o  the  solut ions f o r  
constant values of ue2/Hs. 
represent  curve f i t s  through the  solut ions for 

For the  invest igated range of parameters t h e  so lu t ions  

The two s t r a igh t  l i n e s  shown on each figure 
Ue2/Hs = 0 and ue2/Hs = 0.5. 

The f i r s t  important aspect of t he  cor re la t ion  i s  the  reiatLvely small 
dependence of the  hea t - t ransfer  parameter on P o  
found i n  the  ord ina te  of each f igu re  i s  never much l a rge r  than 1.0 because 
the  value of t h e  constant, although s l i g h t l y  d i f f e ren t  f o r  each gas, i s  numer- 
i c a l l y  small. 

The term (1 f constant fi) 

The cor re la t ion  f igu res  point  out t h a t  t h e  d i s s ipa t ion  t e r m  a l so  has a 
r e l a t i v e l y  s m a l l  e f f ec t  on the  enthalpy gradient.  
s t r a t e d  i n  f i g u r e  9 where the  r e s u l t s  f o r  C02 a re  p lo t t ed .  A t  t h ree  d i s t i n c t  
locat ions along t h e  co r re l a t ing  l i n e  f o r  
w a s  var ied between 0 and 1 f o r  a constant pressure and w a l l  temperature and a 
s o l i d  l i n e  ( p r a c t i c a l l y  horizontal)  jo ins  these solut ions.  For each succes- 
s ive  change i n  Ue'/Hs t h e  value of 'pe increases  beczdse t h e  s t a t i c  
enthalpy decreases a t  t he  boundary-layer edge while t he  enthalpy gradient  
changes a s m a l l  amount. The l a rges t  changes i n  the  enthalpy gradient  occur at 
the  l a r g e s t  values of ye, but  f o r  p rac t i ca l  purposes these a re  negl ig ib le .  
Each of t h e  gases showed a s i m i l a r  dependence on the  d iss ipa t ion  parameter. 
This allows a convenient equation f o r  t he  enthalpy gradient  t o  be expressed i n  
terms of t h e  stagnation value of 0, and p.  
each of t h e  f igures .  The advantage o f  these equations i s  t h a t  t h e  enthalpy 
gradient  r a t i o  i n  t h e  heat ing-rate  d is t r ibu t ion  (see eq. ( 6 ) )  can be de t e r -  
mined without computing the  l o c a l  value of t h e  densi ty-viscosi ty  product. 

This i s  c l e a r l y  demon- 

ue2/Hs = 0 the  d i s s ipa t ion  parameter 

These equations are presented i n  
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Next, these cor re la t ions  demonstrate the e f f ec t  of changes i n  w a l l  
temperature and pressure.  A s  t he  w a l l  temperature increases,  cpe increases .  
A t  the same t i m e ,  the  heat- t ransfer  parameter increases so  t h a t  a s t r a i g h t  
l i n e  joins solut ions f o r  i den t i ca l  values of Note t h a t  differences 
i n  Pr,, resu l t ing  from changes i n  w a l l  temperature, did not introduce scatter 
in to  the cor re la t ions .  Likewise, changes i n  pressure cause changes i n  qe 
with corresponding changes i n  the  hea t - t ransfer  parameter such t h a t  t he  cor -  
r e l a t ion  l i n e  i s  maintained. The s c a t t e r  of the  resul ts  about the  cor re la t ing  
l i n e  due t o  pressure and temperature changes i s  small f o r  p r a c t i c a l  appl ica-  
t i ons .  These changes introduce more s c a t t e r  f o r  C02 ( f i g .  9) than f o r  air, 
hydrogen, and nitrogen. An estimate of t he  magnitude of t h i s  s c a t t e r  i s  
obtained by comparing some of the  resul ts  f o r  
l i n e  curve f i t  t o  these points .  It can be seen t h a t  changes i n  pressure l e v e l  
introduce more s c a t t e r  than w a l l  temperature. 

Ue2/Hs.  

ue2/HS = 0 with the  s t r a i g h t -  

' \ "  2 
2- z.5 
Hs 

0 .25 8 .25 0-1000 0 . I  
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Figure 9.- Heat-transfer parameter co r re l a t ion  f o r  carbon dioxide. 

Argon ( f i g .  10) d id  not cor re la te  as w e l l  as the  other  gases. For t h i s  
gas, only the solut ions f o r  t he  lowest value of the  w a l l  temperature were used 
f o r  obtaining the  s t r a igh t - l i ne  f i t s .  A t  each ve loc i ty  (constant Pepe) 
increasing the w a l l  temperature increases  both the  enthalpy gradient  and cpe. 
However, decreasing qe by maintaining a constant w a l l  temperature and 
increasing the  f l i g h t  ve loc i ty  does not  cause a corresponding decrease i n  t h e  
enthalpy gradient.  This i s  i n  d i r e c t  con t r a s t  t o  t he  solut ions obtained f o r  
the  other  gases. A s  a r e s u l t ,  the  slope of the  cor re la t ing  l i n e  i s  much 
smaller than f o r  the other  gases.  Pressure a l so  a f f e c t s  t he  solut ions f o r  
argon more than other  gases; f o r  example, a t  20,000 f t / s ec ,  r e s u l t s  f o r  
and 10-1 atm agree very w e l l  but  d i f f e r  from t h a t  for 10 a t m  by about 10 per-  
cent,  although t h i s  i s  not  considered s ign i f i can t  f o r  p r a c t i c a l  appl ica t ions .  

14 
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Figure 10.- Heat-transfer parameter correlat ion for argon. 

The behavior of argon i s  qui te  similar t o  t ha t  of  a i r  when the  t o t a l  enthalpy 
reaches the  value where ionizat ion s ign i f i can t ly  a f f ec t s  t he  v i scos i ty  used i n  
evaluating 'Pe (see,  e .g . ,  r e f .  16 ) .  

Correlat ions i n  terms of 'Pe a r e  not without shortcomings. F i r s t ,  t h e  
co r re l a t ion  equations can be used only over the  range of for which they 
are  developed. This i s  substant ia ted i n  the r e s u l t s  f o r  a i r  given i n  r e f e r -  
ences 16 and 1.7 and w i l l  be demonstrated l a t e r  i n  t h i s  study. Secondly, a 
s ingle  co r re l a t ion  equation i n  terms of i s  not obtained f o r  a l l  t h e  gases 
and. therefore  the  r e s u l t s  a re  n o t  general  enough f o r  computing the  heat t r ans -  
f e r  i n  gases o ther  than those being considered. Final ly ,  the  cor re la t ion  
lacks the  qua l i t y  of accounting f o r  t he  constancy of t he  enthalpy gradient  
with varying Ue2/Hs. 
shortcomings. The in t eg ra l s  of cp and cp/Pr across the  boundary l aye r  were 
inves t iga ted  as s ingle  cor re la t ing  f ac to r s  f o r  a l l  gases. However, they 
r e su l t ed  i n  individual  cor re la t ions  f o r  each gas which were no b e t t e r  than 
those for which 'Pe alone w a s  used. Hence, a de t a i l ed  study of t he  e f f e c t  of 
t he  property var ia t ions  on the  solut ions was undertaken. The r e s u l t s  a r e  
presented next and a re  then used t o  obtain a s ing le  cor re la t ion  which i s  use- 
f u l  f o r  estimating heating rates i n  various gases.  

'Pe 

(Qe 

Two unsuccessful attempts were made t o  e l iminate  these 



Effect  of Gas Propert ies  on Similar Solutions 

Some of t h e  solut ions i n  carbon dioxide gas are considered f i r s t  s ince 
they are representat ive of t he  r e s u l t s  f o r  other  gases.  
i t y  f ' ,  enthalpy 
given i n  f igu res  11, 12, and 13 f o r  a pressure-gradient parameter of 1/2 and 
f o r  three f l i g h t  ve loc i t i e s .  
used, one representing a stagnation point  and the  second, a point  on the  vehi- 
c l e  where the  loca l  boundary-layer outer-edge ve loc i ty  i s  dm. 
boundary-layer-edge ve loc i ty  influences the  solut ions i n  two ways: 
changes the s t a t i c  enthalpy d i s t r ibu t ion  across the  boundary layer  which i n  

Variations of veloc- 
g, and the  property terms across the  boundary l aye r  are 

Two values of the  d iss ipa t ion  parameter were 

The l o c a l  
f i r s t ,  it 

f '  

Figure 11.- Comparison of boundary-layer p r o f i l e s ;  C02, U, = 10,000 f t / s ec ,  T, = 500' R ,  and  
p = 0 . 1  atrn. 
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t b n  changes t h e  f l u i d  property var ia t ions ;  secondly, it introduces the  
d i s s ipa t ion  t e r m  i n  t h e  energy equation ( see  eq. ( 3 ) ) .  
sequently t h a t  t h e  l a t t e r  e f fec t  i s  very small and therefore  the  comparison of 
the  p a i r s  of solut ions i n  f igu res  11 through 1.3 shows the e f f e c t s  of varying 
property d i s t r ibu t ions  through the  boundary layer .  

It w i l l  be shown sub- 

I n  fi-gure 11, t h e  enthalpy, veloci ty ,  and property terms vary smoothly 
between t h e i r  w a l l  and boundary-layer-edge values.  
change i n  property p ro f i l e s ,  brought about by including 
a f f e c t  t he  enthalpy gradient at t he  w a l l  t o  any s ign i f i can t  ex ten t .  
ure  12 where the  t o t a l  enthalpy has been increased, s ign i f i can t ly  d i f f e r e n t  

The r e l a t i v e l y  s m a l l  
ueZ/Hs, does not 

I n  f i g -  

f '  

7) 7) 

I .  

I .  

9 - 
Pr ' 

7) 7) 

p = . 5 ,  ",2/H,. 0 

---- p = .5 ,u$ /Hs= .5  

0 I 2 3 4  
T )  

Figure 12.-  Comparison of boundary-layer prof i les ;  '202, U, = 20,000 f t / s ec ,  T, = 500' R ,  and 
p = 0 .1  atm. 



property var ia t ions  a re  obtained, and yet  t he  enthalpy p r o f i l e s ,  e spec ia l ly  
near the w a l l ,  do not r e f l e c t  these  differences.  
t he  enthalpy gradients  a t  the  wall  which d i f f e r  f o r  t h i s  case by less than 
10 percent.  Similar conclusions a re  reached from f i g u r e  1.3. The r e s u l t s  
indicate  t h a t  property var ia t ions  "far away" from the  w a l l  ( espec ia l ly  f o r  
cp/Pr) have a r a the r  small e f f e c t  on t h e  enthalpy gradient  a t  t h e  w a l l  and 
therefore  on t h e h e a t  t r ans fe r .  
which w i l l  be  used l a t e r  i s  the  behavior with t o t a l  enthalpy (or f l i g h t  veloc- 
i t y )  of t he  cp and cp/Pr terms near t he  w a l l .  The absolute value of t h e  slope 
of these terms near the  w a l l  increases  with f l i g h t  ve loc i ty  while the  w a l l  
enthalpy gradient decreases ( r e c a l l  t he  r e s u l t s  f o r  varying free-s t ream veloc- 
i t y  i n  f i g s .  6 t o  10). 

* 

This i s  espec ia l ly  t r u e  f o r  

Another i n t e re s t ing  aspect of t he  comparison 
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It was mentioned above t h a t  t h e  e f f ec t  of including the d i s s ipa t ion  t e r m  
i n  the  energy equation became evident only through i t s  e f f e c t  on the  f l u i d  
property var ia t ion  through the  boundary layer.  
various terms i n  the  energy equation (see eq. (~6)) f o r  the  f l i g h t  ve loc i ty  
of  20,000 f t / s e c  i s  compared i n  f igu re  14 with those obtained when the  

To show t h i s ,  the  magnitude of 

2 . 4  

2 . 0  

I .6 

I . 2  

. E  

L 

c 

---- Solution for which ue2/H, (+/Pr -# f ' f " s 0  (Eq.(A26)) 
Solution to complete equation (Eq.(A26)) 

. 4  .8 I .2 I .6 2 0  2 .4  2.8 
7) 

2 

Figure 14.-  Magnitude of  terms occurring i n  energy equation; Cog, Urn = 20,000 f t / s e c ,  T, = 500' R ,  and 
p = 0.1  atm. 

d i s s ipa t ion  term w a s  zero. The value of Ue2/Hs w a s  one-half i n  both cases.  
This f i g u r e  shows t h a t  the  d iss ipa t ion  term i t s e l f  (Ue2/Hs) [( cp - cp/Pr)f ' f "1 ' 
has l i t t l e  influence on the  solut ion and especial ly  on the  w a l l  enthalpy gra-  
d i en t .  
same r e s u l t .  

Spot-check solut ions f o r  o ther  ve loc i t ies  and for other  gases gave the  

It i s  a l s o  appropriate a t  t h i s  point t o  indicate  how the  densi ty  term 
pe/p a f f e c t s  the  determination of t he  enthalpy gradient .  Several  so lu t ions  
t o  t he  boundary-layer equations f o r  d i f fe ren t  densi ty  d i s t r ibu t ions  showed 
t h a t  t he  so lu t ions  were in sens i t i ve  t o  a rb i t r a ry  var ia t ions  of  For 
example, using the  Pe /P  d i s t r ibu t ion  for CO2 and the  cp and W/Pr d i s t r i b u -  
t i o n  f o r  N2 t o  obtain a stagnation-point so lu t ion  a t  30,000 f t / s e c  r e su l t ed  i n  
a negl ig ib le  change i n  enthalpy gradient from t h e  corresponding ni t rogen 
so lu t ion .  

pe /p .  



Thus f a r ,  it has been shown t h a t  t h e  var ia t ion  of t he  terms cp and 'p/Pr.  
"close" t o  the  w a l l  r a the r  than t h a t  "far" from the  w a l l  a f f e c t s  t he  enthalpy 
gradient and t h a t  t he  r a t e  of  change of these property terms with 
w a l l  influences t h i s  gradient .  For t h i s  reason a s ingle  co r re l a t ion  curve 
with ye i s  not obtained f o r  a.11 gases. This i s  i l l u s t r a t e d  i n  f igu re  15 
where the stagnation-point p r o f i l e s  f o r  some of the  gases a r e  p lo t t ed  f o r  a 
f l i g h t  veloci ty  of 30,000 f t / s ec ,  a pressure of 0 .1  a t m ,  and a w a l l  tempera- 
t u r e  of 500° R .  Also included are  the  computed values f o r  
Observe t h a t  the  values of 
gradients do not ,  provided the  var ia t ions  of t he  property terms near the  w a l l  
a r e  s i m i l a r  ( i  .e . ,  compare the  enthalpy gradients  and the  property p r o f i l e s  
"near" the w a l l  f o r  CO;?, Nz, and A ) .  
cor re la t ion  should probably be based on proper t ies  evaluated "near" the  w a l l .  

near t h e  

g t (o ) / l -gw.  
cpe for t he  gases d i f f e r  bu t  t h a t  t he  enthalpy 

These r e s u l t s  suggest t h a t  any general  
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FiLv1.e 15.- Boundary-layer profiles f o r  various Gases a t  a stagnation poin t ;  U, = 30,000 f t / s e c ,  
p =. 0.1 a t m ,  and T, - 500' R .  
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0 The insensi t iveness  of the  solutions t o  the var ia t ion  of the t ranspor t  
propert ies  i n  the higher energy portions of the boundary layer  ind ica tes  t h a t  
precise  evaluation of the t ransport  properties a t  the  higher enthalpies  may 
not be c r i t i c a l  f o r  determining the  equilibrium convective heat t r a n s f e r .  
Calculations were made t o  determine how much t h e  propert ies  could be changed 
before s ign i f icant  differences i n  the enthalpy gradients appeared. Typical 
r e s u l t s  a r e  presented i n  f i g u r e  16 where the p r o f i l e s  for a stagnation point  
i n  carbon dioxide a r e  p lo t ted .  F i r s t ,  the  true cp/Pr var ia t ion  w a s  changed 
by f i x i n g  the Frandt l  nuiifber const.mt ( a t  i t s  w a l l  value) across the  boundary 
layer .  The ve loc i ty  and enthalpy p r o f i l e s  in  the  lower energy port ion of the 
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Figure 16.-  Comparison of stagnatisn-point boundary-layer p r o f i l e s  i n  CO2 for a r b i t r a r y  cp and q/Pr 

d i s t r ibu t ions ;  CO2,  U, = 20,000 f t / sec ,  T, = 500' R ,  and p = 0 .1  a t m .  
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boundary l aye r  a re  not changed and the  enthalpy gradients  d i f f e red  by less  
than 5 percent.  Next, solut ions f o r  severa l  d i f f e ren t  cp p r o f i l e s  were 
obtained by arbitrari ly f ix ing  cp at  a constant value a t  some point  i n  the  
boundary layer ;  t h e  enthal-py and veloci-ty p ro f i l e s  and t h e  enthalpy gradient  
d id  not change s igni f icant ly .  (For these  cases the  q/Pr var ia t ion  with 
constant Prandt l  number described above w a s  used. ) Calculations f o r  various 
ve loc i t ies  demonstrated t h a t  la rge  differences i n  
n i f i can t ly  a f f ec t  the  value of t he  enthalpy gradient .  One addi t iona l  case 
w a s  computed that  i s  worthy of comment. For a stagnation-point solut ion a,t 
30,OOO f t / sec ,  cp/Pr (where 7 
resched a val1J.e o f  1; from there  cp/Pr 
l aye r  edge it w a s  25 times i t s  normal value. The enthalpy gra.dient was 
increased only 50 percent over the  cor rec t  value. Concuryent with the  present 
investigation, reference 18 determined the  e f f e c t  of unce r t a in t i e s  i n  the  
thermal conductivity of a i r  on the  stagnation-point heat t r ans fe r .  Their con- 
clusions are i n  subs tan t ia l  agreement with those made above. These resul ts  
v iv id ly  i l l u s t r a t e  t h a t  cor re la t ion  equations i n  terms of boundary-layer 
outer-edge propert ies  should be used only over t he  rGnge of ve f o r  which 
they are  derived. 

. 

pe or (k/cp)e do not s ig -  

Pr = Prw) was allowed t o  vary normally u n t i l  
w a s  increased u n t i l  at t he  boundary- 

Correlation of the  Heat-Transfer Parameter i n  Terms of 
Low Temperature P r o p  r t i e s  

The r e s u l t s  described above were used as a b a s i s  f o r  obtaining a s ingle  
correlat ion of the  w a l l  enthalpy gradients  f o r  a l l  the  gases.  It seemed rea- 
sonable tha t  t h e  w a l l  gradient would co r re l a t e  on an "average" der iva t ive  of 
the  'hear-walll' property terms, and during the  course of making a r b i t r a r y  
changes i n  t h e  property var ia t ions  it w a s  determined t h a t  changes beyond the  
point  where the  
ously a l t e r  the  enthalpy gradient a t  t h e  w a l l .  The cor re la t ion  w a s  obtained 
by using the absolute value of t he  average slope of cp with 

cp/Pr var ia t ion  reached a m i n i m  or i n f l ec t ion  d id  not  ser i -  

h/Hs, t h a t  i s ,  

Both hD and q-, were evaluated a t  t he  poin t  i n  the boundary layer  where d i s -  
sociat ion (or ionizat ion f o r  argon) w a s  j u s t  beginning. 
point  w a s  chosen s o  t h a t  f o r  t he  d issoc ia t ing  gases 
weights) was 1.01 and f o r  argon a ( t h e  degree of ionizat ion)  w a s  0.001. The 
points  i n  the boundary layer  where these conditions prevail-ed were associated 
with the points where cp/Pr obtained i t s  f i r s t  minimmi or in f lec t ion  (e .g . ,  
see (p/Pr i n  f i g .  15). A t  t he  enthalpy hD, only s m a l l  amounts of d i ssoc i -  
ated or ionized species are present i n  the  gases, but the  concentrations and 
concentration gradients  or t h e  various species are su f f i c i en t  t o  cause the  
r a t i o  k/cp t o  remain constant or decrease as r e f l ec t ed  by the  q/Pr term. 

FiGire l:[ shows the  cor re la t ion  of [g'(o)/l-gW] Jp&/(p~),~+,~o R. 
stagnation-point solut ions of t he  present  inves t iga t ion  are included (with the  

I n  pa r t i cu la r ,  t h i s  
Z ( t h e  r a t i o  of molecular 

The 
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Figure 17. - Correlation or' stagnation-pcint sc lu t ions  for 211 gases. 
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exception of some hydrogen cases f o r  which no d issoc ia t ion  occurred) and a re  
found io  coi-i-elate within 216 percent.  The term / ~ w p ~ / ( ~ p ) T , 5 0 0 0  was 
included t o  reduce some s c a t t e r  due t o  wall temperature var ia t ions .  Ais0 cor-  
r e l a t e d  a re  severa l  s o h t i o n s  of reference 2 ( L e w i s  number equal t o  1 .0 )  with 
values of 
0 .1  a t m  and 
e a r l i e r  where (k/cp)e For t h i s  
case hD and 'pD were evaluated at the  point i n  the  boundary layer  where 'p/Pr 
reached a minimum. 

hD and 'pD given i n  reference 6 corresponding t o  a pressure of  
Z ( r a t i o  of molecular weights) of 1.01. The so lu t ion  described 

w a s  25 times t h e  t rue  value i s  a l so  included. 

The equation describing the  cor re la t ion  i s  

If the  enthalpy gradients  f o r  o ther  ~ a l ~ e c .  of 
can be obtained by multiplying the  corresponding stagnation-point gradient by 
the  f a c t o r  0.93 (1 + 0 . 1 O f i ) .  This f ac to r  uses  an average value of t he  con- 
stants i n  the  .expression (1 + constant a) i n  f igu res  6 t o  10. 

p and ue2/Hs a re  desired,  they 

Other choices f o r  determining the  slope of the  "near-wall" proper t ies  
were a l so  inves t iga ted .  
average s lope of q/Pr with h/Hs over the  same l i m i t s  of in tegra t ion  used 
above. 
within 213 percent .  This i s  about t he  smallest percent i le  range t h a t  can be 

The bes t  r e s u l t s  were obtained by using a weighted 

This r e su l t ed  i n  a cor re la t ion  of t he  stagnation-point solut ions t o  



obtained using property der iva t ives  with respect  t o  h/Hs as 
parameter. The equation describing th i s  resul t  i s  

2 2 

g’(0)  1- = 0.37 L z r ’ W  - (‘/Pr)D - 
- g w  (PV)T,5000 R ’DbS 

(q /P r )  d(h/Hs) 

a co r re l a t ion  * 

-0.12 

Obviously, the  s implici ty  i n  applying equation (7 )  outweighs the  small cor re-  
l a t i o n  improvement given by equation (8) . 

The cor re la t ion  iil terms of t he  property der ivat ives  does not contain the  
shortcomings inherent i n  t h e  cor re la t ions  i n  terms o f  
correlat ion equation arises which can be used t o  pred ic t  the enthalpy gradient 
i n  gases other  than those being considered. 
r a the r  simple t a sk  s ince the  cor re la t ion  depends on r e l a t i v e l y  low temperature 
propert ies  which are calculable  for pure gases o r  gas mixtures by t h e  methods 
described i n  reference 19. 
of enthalpy where both d issoc ia t ion  and ionizat ion occur together  i n  the  
boundary layer ,  as w i l l  be shown subsequently by demonstrating reasonably good 
agreement between heating r a t e s  calculated from the  present co r re l a t ion  equa- 
t i o n  and those predicted by theor ies  accounting f o r  t he  e f f e c t s  o f  ion iza t ion  
on the t ransport  propert ies  and with ac tua l  shock-tube da ta .  
correlat ion accounts f o r  t h e  constancy of t he  enthalpy gradient  with Ue2/IIs. 

‘I’e. F i r s t ,  a s ing le  

I n  application, t h i s  becomes a 

The cor re la t ion  can be extrapolated in to  a range 

Final ly ,  t he  

Stagnat ion-Point Heat Transfer 

The hea t - t ransfer  parameter, g’ ( o)/l-gw, w a s  used t o  describe the  resul ts  
of t h e  similar solut ions t o  the  boundary-layer equations. 
i s  how these resul ts  apply t o  t he  determination of t he  heat  t r ans fe r  t o  a body. 

The next concern 

F i r s t ,  it i s  informative t o  develop spec i f ic  equations for stagnat ion-  
point  heat t r ans fe r  i n  each gas so t h a t  the  r e l a t i v e  l eve l s  o f  heating ra te  
for comparable conditions of  f l i g h t  ve loc i ty  and stagnation-point pressure can 
be observed. 

If a Newtonian pressure d i s t r ibu t ion  i n  the  v i c i n i t y  of t h e  stagnation 
region i s  assumed, the equation f o r  t he  ve loc i ty  gradient  i n  equation ( 5 )  
becomes 

For s implici ty  p, i s  neglected i n  what follows. Subs t i tu t ing  equation (9) 
in to  equation ( 5 )  and multiplying both s ides  of the  resulting equation by k./m gives 
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The r i g h t  s ide  of equation (10) was computed for each gas f o r  a range of 
s tagnat ion pressures from t o  10 a t m ,  w a l l  temperatures from 500° t o  
1,850' E ,  and t o t a l  enthalpies  corresponding t o  f l i g h t  ve loc i t i e s  from 
10,000 t o  3O,OOO f t / s e c .  
boundary-layer solut ions w a s  used and not the cor re la t ions  described above. 
The r e s u l t s  were cor re la ted  within 10 percent by an equation of t he  fo rm 

I n  t h i s  determination the  value of g ' ( o )  from the  

- 
where U, i s  dimensionless and equals U, divided by 10,000 f t / s e c .  I n  most 
cases the  deviation of t he  computed value from t h a t  given by equation (11) w a s  
much smaller than 10 percent.  
constants C and N a r e  tabulated.  For a given f l i g h t  veloci ty ,  argon has the  
highest  stagnation-point heat t r a n s f e r  followed successively by C02, air ,  Nz, 
and H2. 
a i r ,  and nitrogen i s  near ly  the  same. For hydrogen, t he  heating r a t e  i s  not 
very la rge  compared t o  t he  other  gases over t h e  range of ve loc i ty  considered. 

Equation (11) i s  p lo t t ed  i n  f igu re  18 and the  - 

For a given f l i g h t  veloci ty ,  t he  stagnation-point heating i n  COZY 

Although equations of t he  form given by equation (11) are  very useful ,  
t h e i r  extension t o  higher ve loc i t i e s  and t o  o ther  gases i s  not straightforward 
s ince the  constants C and N a r e  va l id  only i n  the  r a g e  o f  ve loc i ty  consid- 
ered here and ai-? not r ead i ly  expressed as functions of gas proper t ies .  
Therefore it becomes necessary t o  develop a 111Oi-s generd equation. Subst i -  
t u t i n g  equation (7)  i n t o  equation ( 5 )  r e s u l t s  i n  the  following heat ing-rate  
equation f o r  an axisymmetric body 

- 

r -0.15 1 

Furthermore, using equation (9) and t h e  approximation, Hs z Um2/2, we can 
rewr i te  equation (12) as 

112 
T o  obtain equation (1.3) i n  the  un i t s ,  Btu/ft2-sec (f t /a tm) 
rewr i t ten  

, it i s  
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Figure 18. - Stagnation-point heat t r a n s f e r  f o r  various gases. 

where p i s  expressed i n  s lugs/f t3 ,  p i n  s l u g s / f t  see, h i n  f t2/see2,  U, 
i n  f t / s e e ,  and po i n  atni. Equation (14)  can be used t o  estimate t h e  heat ing 
r a t e  i n  various gases.  To apply the  equation, knowledge of  the low tempera- 
t u r e  propert ies  of the  gas along with the  stagnation-point pressure and den- 
s i t y  i s  required. 

To substant ia te  the  t h e o r e t i c a l  p red ic t ions  made above, a comparison of  
theory and experiment i s  given i n  f igu res  l g ( a )  t o  (d)  . Here, hea t ing- ra te  
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Heating -Rate Distribution 

Equation (6) shows t h a t  t he  d is t r ibu t ion  of heat transTer around a body 
depends e x p l i c i t l y  on the inv isc id  flow as r e f l ec t ed  i n  the  boundary-layer- 
edge ve loc i ty  and surface pressure and impl ic i t ly  on the inv i sc id  and v i sc id  
f l o w  as r e f l ec t ed  i n  the  var ia t ion  of g'(o)/gA(o) with pressure gradient .  An 
iilt-zstigation of t he  magnitude of t h i s  r a t i o  of enthalpy gradients  i s  pre-  
sented next and it shows t h a t  inckcding this r a t i o  i n  the heat ing-rate  d i s t r i -  
but ion equation modifies t he  r e s u l t s  by a s m a l l  amount. 

Figure 20 presents  t he  var ia t ion  of g'(o)/gA(o) f o r  an axisy-inrfietric body 
with pressure-gradient parameter f o r  each of t he  gases f o r  a S ingle  value of 
t he  d i s s ipa t ion  term ue2/Hs = 1/2 a t  three f l i g h t  ve loc i t i e s  and a t  a speci-  
f i e d  w a l l  tenperature  and pressure.  Each gas shows an increase i n  t h i s  r a t i o  
with increasing pressure gradient .  Pos i t ive  values of p imply favorable 
pressure grad ien t .  The r a t i o  o f  enthalpy gradients  f o r  any p a r t i c u l a r  gas 
var ies  by about 10 percent over the  range of p considered. It i s  noteworthy 
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Figure 20. - Ent,!ialpy-6i.adien-t variation w i t h  pressure-gradienT. parmeter  for &xisymmetric col;figuuraiions 

t h a t  t he  cur.ves do not always pass through 1 . 0  a t  p = 1/2  as a d i r e c t  conse- 
quence of including the  d iss ipa t ion  term i n  t he  equations and, as pointed out 
before,  i t s  e f f e c t  on the  so lu t ion  i s  small. For a l l  values of t he  d i s s ipa -  
t i o n  term used i n  t h i s  invest igat ion,  t he  e f f e c t  never exceeded 10 percent .  
If the  d iss ipa t ion  term i s  neglected, t he  co r re l a t ion  eqiiations presen-ted i n  
f igu res  6 through 10 can be used t o  express the  axisyrme-tric value of 
g' (o)/gA(o) as  

(1-5) g'(0) I -1- C J j -  
~ -- -- 
gA(o) 1 + 0 . 7 0 7 ~  

where c 
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i s  the  constant given i n  f igu res  6 t o  10. 



.. 
obtained i n  reference 21 f o r  an ideal-gas solution t o  the  boundary-layer equa- 
t i o n s  with cp and Pr s e t  equal t o  l. 
such an ideal-gas solution, and as  shown, th i s  approximation represents  qu i te  
adequately the  real-gas  var ia t ion .  This idea l  so lu t ion  i s  a l so  compared with 
equation (15) for carbon dioxide ( see  U, = 10,000 f t / s e c )  and the  comparison 
i s  very good. 
range of pressure -gradient parameters considered. Ideal-gas solut ions t o  
pressure-gradient parameters of 4.9 a re  tabulakec? i n  reference 21. 

It i s  in t e re s t ing  t o  compare the  var ia t ion of  g'(o)/g;(o) with t h a t  

The dashed curve i n  f igu re  20 represents  

Ei ther  method f o r  obtaining g ' (o) /g&(o)  i s  adequate for the  

It i s  concluded t h a t  the t ranspor t  and t,hermodynamic property var ia t ions  
play a minor r o l e  i n  determining the  heat ing-rate  d is t r ibu t ion ,  a t  least f o r  a 
p r a c t i c a l  range of the  pressure-gradient parameter, whereas the  ex terna l  flow 
f i e l d  i s  of major importance. 

CONCLUSICINS 

An inves t iga t ion  of the  e f f e c t s  of gas composition on the  equilibrium 
convective heating r a t e  and heat ing-rate  d is t r ibu t ion  resu l ted  i n  the  follow- 
ing conclusions: 

1. 
port ions of t h e  boundary layer  w a s  not re f lec ted  i n  the  w a l l  eiithalTj: gradient.,  
A t  l a rge  -q 
changed t h e  w a l l  enthalpy gradient  and therefore convective heating r a t e  less 
than 10 percent .  
t h a t  p rec ise  evaluation of t ranspor t  propert ies  at high temperatures i s  no t  
c r i t i c a l  t o  equilibrium convective heat -transf e r  ca lcu la t ions .  

2. 

The effect .  nf t he  t ranspor t  property var ia t ions  i n  the  higher energy 

changes by a f ac to r  of 3 i n  thermal conductivity or v i scos i ty  

For the  range of parameters investigated,  t h i s  ind ica tes  

The w a l l  enthalpy gradient  obiaiiied from sclct ions t o  t h e  similar 
form of the  equilibrium boundary-layer equations for air, nitrogen, hydrogen, 
carbon dioxide, and argon can be correlated on low temperature proper t ies .  
This co r re l a t ion  can be used t o  extend the  present r e s u l t s  t o  other  gases and 
t o  higher t o t a l  enthalpies .  

3. The stagnation-point heat t r ans fe r  depends on gas composition. For 
the  same body radius,  t o t a l  pressure,  and f l i g h t  velocity,  argon gives the  
highest  heat t r a n s f e r  and hydrogen gives the lowest value. A i r ,  ni trogen, and 
CO2 give about the same intermediate value of heat t r ans fe r .  

4. The hea t ing- ra te  d i s t r ibu t ion  on a body i s  affected t o  a minor degree 
by the  gas coxpcsit.inn. For p r a c t i c a l  application, t he  heat ing-rate  d i s t r ibu -  
t i o n  t o  b lun t  bodies can be obtained from invisc id  f l o w  considerations a l m e ,  
Refinements t o  t h i s  can be obtained by using solut ions t o  the  low speed form 
of t h e  boundary-layer equations. 

Ames Research Center 
National Aeronautic s and Space Administration 

Moffett Field,  Calif  ., Feb. 23, 1965 



APPENDIX A 

DEBTVATION AND SO-LUTION OF EQUATIONS 

Y 

The analysis  i s  r e s t r i c t e d  tc? a gas i n  thermochemical equilibrium whose 
chemically reac t ing  species a re  considered a mixture of per fec t  gases.  For 
such a gas, t he  general  equa-tions of change f o r  a body-oriented coordinate 
system (see sketch above) subject  t o  Prandt l ’  s boundary-layer assumptions are: 

- a n  (r pu) + - a n  (r PV) = o 
ax aY 

where n = 1 f o r  axisymmetric bodies and n = 0 f o r  two-dimensionalbodies. 
Equation (Al) i s  the  cont inui ty  equation and represents  t h e  sum of t h e  i n d i -  
vidual  species equations.  Equation (A2) i s  t h e  momentum equation which 
r e l a t e s  the momentum change t o  t h e  pressure and viscous shear forces  ac t ing  on 
the  system. 
change t o  heat addi t ion by viscous s t r e s s e s  and the  normal component of t he  
heat-f lux vector, qy. 

Equation (A3) i s  the  energy equation which r e l a t e s  t h e  enthalpy 

The normal coniponent of the  heat -f 1~ vector (neglect ing thermal d i f f u -  
s ion and rad ia t ion)  i s  r e l a t e d  t o  the  temperature and molar concentration of 
the  gas by the  equation ( s e e  r e f .  19) 



The f i r s t  and second terms on t h e  r i g h t  s ide of equation (Ah)  represent,  
respect ively,  heat addi t ion due t o  conduction and due t o  d i f fus ion  of  species  
across the  boundary layer .  Enthalpy i s  introduced i n t o  equation (Ah)  as f o l -  
lows. 
with temperature only ( the  pressure i s  considered constant across t h e  boundary 
l aye r )  so 

The molar concentration and enthalpy of t h e  gas i n  equilibrium vary 

and 

and by de f in i t i on  the  t o t a l  spec i f i c  heat i_s 

Therefore ( A k ) ,  with the  aid of ey.xtions ( A 5 )  and (A6)  and the  above de f in i -  
t i o n  of spec i f i c  heat, becomes 

or 

k ah 
q Y =  - - -  el? aY 

where the  bracketed term i n  equation (A8a) i s  the  so-cal led " t o t a l "  thermal 
conductivity k. 

Now, t h e  energy conservation equation (eq.  ( A 3 ) )  i s  rewr i t ten  with the  
a i d  of (A8b) as 
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where P r  
values of  thermal conductivity and spec i f i c  heat a r e  used. 
be rearranged t o  give t h e  energy equation 

represents  t he  t o t a l  P rand t l  number of t he  gas obtained when t o t a l -  
Equation (Ag) may 

Equations ( A l ) ,  ( U ) ,  and (A10) a re  t h e  conservation equations f o r  a reac t ing  
gas i n  thermochemical equilibrium. 
required when the  heat f l u x  t t  a w a l l  i s  computed. 
inspection of  equation (AB) (evaluated a t  t h e  w a l l ) ,  

The solut ion t o  these equations i s  
This i s  apparent by 

To put equations ( A l ) ,  (Q), and (A10) i n  a form more s u i t a b l e ' f o r  solu-  
t i on ,  the following transformations a r e  introduced: 

The transformed d i f f e r e n t i a l  operators then become: 

It i s  convenient t o  make t h e  following de f in i t i ons :  

PP ' p " -  
Pwclw 

(A12b ) 
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- -  = -rpv ax 

( ~ 1 8  a) 

( Al8b ) 

The cont inui ty  equation i s  s a t i s f i e d  by t h e  introduction of t he  stream funct ion 
Applying t h e  above de f in i t i ons  md 

t he  transformed d i f f e r e n t i a l  operators  r e su l t s  i n  the  following form of  t h e  
equations : 

defined by equations ( A l 8 a )  and (A18b). 

Momentum 

Energy 

where t h e  subscr ipts  denote p a r t i a l  d i f f e ren t i a t ion  
var iab le  and 

Equations ( A l 9 )  and (A20) comprise a s e t  of simultaneous, nonlinear p a r t i a l  
d i f f e r e n t i a l  equations. The l o c a l  s imi l a r i t y  assumption i s  used t o  solve t h i s  
system of equations.  I n  t h i s  approach, the terms on t h e  r i g h t  s ide  of  equa- 
t i o n s  ( A l 9 )  and (A20) a r e  assumed small compared t o  other  terms i n  t h e  equa- 
t i o n s  so  t h a t  methods applying t o  solutions of ordinary d i f f e r e n t i a l  equations 
can be applied.  This means t h a t  changes of t h e  dependent var iab le  with 5 
are negl ig ib le  and t h a t  t he  quan t i t i e s  at the  boundary-layer edge assume t h e i r  
l o c a l  values as spec i f ied  by ex terna l  f low conditions.  
l o c a l  s i m i l a r i t y  and i t s  appl icat ion can be found i n  references 1 and 3. 

Further discussion of 

The sinilar form of transformed boundary-layer equations f o r  t h e  conser- 
vat ion of momerituix and energy form a coupled p a i r  of ordinary, nonlinear d i f -  
f e r e n t i a l  equations of t h i r d  order i n  f and second order i n  g. T'nese Zi-2 
wr i t t en  as 

(2 gIy + fg '  + 2 [(T - 2) f f f t l ]  1 = O 

Hs 
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where the prime denotes d i f f e r e n t i a t i o n  with respect  t o  
These equations comprise an i n i t i a l  value problem requir ing f i v e  conditions 
a t  7 = o (namely f ( o ) ,  f'(o), f " ( o ) ,  g ( o ) ,  and g ' ( o ) )  for a unique solu-  
t i o n .  Since only three  of these  conditions a r e  considered known, one must 
seek a solut ion u s i n g i t e r a t i v e  techniques. This i s  accomplishedby imposing t w o  
addi t ional  conditions on the  equations as 'q +a. The boundary conditions f o r  
t he  equations i n  t h i s  case a re :  

'q, t h a t  is, d/dq. 

It i s  advisable t o  eliminate the  e x p l i c i t  forms of  t he  property der iva-  
t i v e s  f rom the  equations s ince the  accuracy of these terms would be highly 
questionable a t  high temperatures. This can be done by introducing the  f o l -  
lowing integrat ing f a c t o r  

so t h a t  

- -  d I f  
d'q 

- - I  

Equation (A22)  may be rewr i t ten  as 

which when in tegra ted  from 0 t o  'q and solved for f "  gives:  

Equation (A23) when in tegra ted  from 0 t o  'q and solved f o r  g ' /Pr  gives 

Define 



. 

Then the  conservation equations may b e  wri t ten as: 

Equations (APT) through ( A 3 l )  along with 

are the  six equations 
p r o f i l e  d i s t r ibu t ions  

t o  be solved siimltaneously t o  determine 
throughout t he  boundary layer .  

f i ,  g&, and 

The i t e r a t i v e  technique t h a t  i s  used t o  obtain a solut ion i s  one of 
successive approximations based on the Newton-Raphson method (see r e f .  22). 
The functions,  f '  and g,  are expanded i n  a Taylor s e r i e s  where q - - z ~  and 
the  higher order terms neglected.  
g(m) = G(f;, g&) we have 

Thus, foi- f'(M' \ -  = F l f "  ' WJ "W 0') and 

By approximating the  d i f f e r e n t i a l s  w i t h  f i n i t e  differences w e  may obtain 
iiiipro-v-ed a2praxixztinns f n r  fi and gb as follows: 



where the subscr ipt  o represents  the  corrected values so t h a t  f&(m) = 1 and' 
g'(m) = 1, and we hare: 0 

The i t e r a t i o n  scheme i s  s t a r t e d  wi-th two i n i t i a l  guesses f o r  
(denoted by fg,, f$2, g$l, and g! ) and equations (A27) through (A32y are 
integrated (by the  Adams-Moulton numerical in tegra t ion  method) t o  s u f f i c i e n t l y  
high values of q 
t i ons  of i n i t i a l  guesses (f:,, gA1), (fw2, ghl), and (f;l, g$2). 
solut ions give suff icieri t  information f o r  determining the  p a r t i a l  der iva t ives  
i n  equations (A37) and (A38)  by a f i n i t e  difference.  With the  i n i t i a l  guesses 
improved by Af" and Ag' 
converged upon t o  the  desired accuracy. 
the  dat,a in  t h i s  paper were: 

f; and g' 
vJ2 

t o  insure f " ( 7 )  -+ Olland g'(7) -+ 0 f o r  the three cornbina- 
These three  

the  process may be repeated u n t i l  the  solut ion i s  
The requirements f o r  convergence for 

This required on the  average two t o  th ree  cycles of t he  i t e r a t i v e  process.  
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APPENDIX B 

m L - G A S  PROPERTIES 

The real-gas  proper t ies  used f o r  t h i s  report  were taken from the  
l i t e r a t u r e  ( r e f s .  6 through 15) and were curve f i t t e d  with polynomials f o r  use 
i n  the  boundary-layer equations. The references were chosen pririar-ily because 
they presented t h e  desired proper t ies  or suf f ic ien t  information t o  compute the  
proper t ies  f o r  increments of temperature which were always equal t o  or less 
than 1000° K f o r  pressures ranging from 
f i c i e n t  input da ta  f o r  a least-squares  polynomial curve- f i t  method i n  terms 
of the  desired function, enthalpy. The references a re  f e l t  t o  ind-icate rea- 
sonable property var ia t ions  with enthalpy and pressure for t he  enthalpy raxge 
considered here (20 <_ h <_ 18,000 Btu/lb) . 

t o  lo2 atm. This provided su f -  

The tabulated da ta  were f i t t e d  i n  sections,  generally by 7 t h  degree poly- 
nomials, and a deviation from the  f i t t e d  points within 22 percent w a s  main- 
ta ined .  The equations a re  wr i t ten  i n  the  form 

where 

as t h e  case may be. The coef f ic ien ts  through a7 and t h e  h/hr range 
for which they a re  v a l i d  a re  given i n  tables  I1 t o  V. The reference values 
(or ,  h,, and 
continuous over the  complete enthalpy range bu t  t he  der ivat ives  a t  the  poin ts  
of connection of  two sect ions a re  not .  This  i s  one reason the  property deriv- 
a t ives  were eliminated from the  boundary-layer equations. The property curve 
f i t s  for air were taken d i r e c t l y  from reference 23.  

P r )  a r e  given i n  t a b l e  I. In general, the  property curves a re  
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. 

Pressure hr 7 Pr, 
Gas level ,  ft2/sec2 slugs/f t3 

N2 i o  -4 2 . 1 6 ~ 1 0 ~  1 .03982~10-~  
96395~10-~  

10 -2 .88964~10-~  

10-1 .8 176 5x 10 -5 

loo . 74780~10-~  
lo1 .68241~10-~  
lo2 . 62148~10-~  

a t m  

co2 1 .07882~10-~  
1 . 0 8 8 5 2 ~ 1 0 - ~  

10 -2 .97016x10-~ 

10-1 ,93717~10-' 
loo .86150~1O-~ 
lo1 .86926~10-~  
lo2 , 81299~10-~  

A 7 IW n-4 . 80467~10-~  
10 -3 . 73606~10-~  
10 -2 . 67143~10-~  
10-1 . 60912~10-~  
loo .54787~10-~  
lo1 . 48696~10-~  

H2 10 -4 . 3 4 6 1 7 ~ 1 0 - ~  
10 -3 .34512x10-7 

10 -2 .3 4460x 10 -6 

10 -l .3446OxlO-" 
. 34460~10-~  

lo1 . 3 4 4 6 0 ~ 1 0 - ~  
loo 

lo2 v . 3 4 4 6 0 ~ 1 0 - ~  

P r k - 7  
s1ugs2/ft4 see 

2 . 1 3 8 0 4 ~ 1 0 - ~ ~  
2. 0 8 9 7 6 ~ 1 0 - ~ ~  
2 . 0 4 7 1 9 ~ 1 0 - ~ ~  
2 . 0 0 2 7 9 ~ 1 0 - ~ ~  
1 .95008~10- '~  
1 . 8 9 9 1 4 ~ 1 0 - ~  
1 . 8 4 3 1 6 ~ 1 0 - ~  
2 .21260~10-~"  
2 . 3 3 7 0 7 ~ 1 0 - ~ ~  
2 . 2 4 3 0 2 ~ 1 0 - ~ ~  
2 . 1 8 2 4 2 ~ 1 0 - l ~  

2.20876~10-~ '  
2.21448~10-' 
2 . 1 5 6 4 2 ~ 1 0 - ~  
2 .29O64x10-l4 
2.32691x10-" 
2 . 3 5 3 0 7 ~ 1 0 - l ~  
2.43368~10-l l  
2.53336x~O-~O 
2.64735x10-' 
1 ~ 7 8 5 7 x i O - l ~  
1 . 7 7 3 1 9 ~ 1 0 - ~ ~  
1 . 7 7 0 4 9 ~ 1 0 - ~ ~  
1 .7r(049~i0-12 
1 . 7 7 0 4 9 ~ 1 0 - l ~  
1 . 7 7 0 4 9 ~ 1 0 - ~ ~  
1 . 7 7 0 4 9 ~ 1 0 - ~  

TABLF: I. - REFETENCE VALUES 
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